This article discusses a protective structure of a special morphology with an advanced impact resistance. We use a 'bistable' structure that is designed to have a non-unique stress-strain relation. When the strain reaches a threshold, some parts (sacrificial elements) yield and subsequently fail and the remaining parts (waiting elements) become active; the waiting elements carry the load and preserve structural integrity. Damage in bistable structures is more stable; the cracks do not develop due to yielding of structural elements and damage delocalization. The damage spreads in a larger region than in a conventional structure, and the load is redistributed. As a result of these effects, more impact energy is absorbed. We describe the response of bistable structures in macro-and microscales, numerically investigate a problem of projectile impacting a protective net, and introduce a mesoscale damage tensor that measures the degree of damage in a small region. We compare the structural responses of the bistable and conventional structure depending on mass and speed of the projectile. Typically, the bistable structure dissipates more energy by creating a partial damage in a large area.
INTRODUCTION
A N UNSTRUCTURED MATERIAL can absorb energy until it melts. However, a tiny portion of this energy yields to a structure's disintegration due to instabilities of the damage propagation that leads to energy concentration and failure. Appearance of concentrated damage zones, such as cracks or delaminating, destroys the structure, while the remains of the disintegrated structure still is able to absorb a lot of energy. The presented structures in this article aim to minimize the damage concentration using a special twolayer design that stabilizes the failure.
We investigate a propagation of structural damage, and present models of a protective structure with improved characteristics. The designed structures must resist a dynamic impact: they absorb the energy while maintaining their structural integrity (Krauthammer, 2008) . Commonly used protective devices include car bumpers, helmets, tempered glass, climbing 'screamer,' and woven baskets of hot balloons. These very different devices are all designed to be damaged or destroyed in a collision saving the protected object -main vehicle or its passengers. Since the total energy of the projectile is fixed, the damage to personnel or equipment can be minimized by maximizing the energy absorbed by the protective structure, these devices are most effective when they are completely damaged or destroyed everywhere. In a collision, a properly designed bumper will be badly damaged, thereby absorbing the energy of impact, and saving the vehicle and its passengers. A strong and stiff bumper that stays undamaged while the car is ruined does not fit its purpose. Likewise, a fragile bumper does not fit, because it is easily destroyed and does not absorb enough energy to protect the vehicle. The principle of design of protective structure is in contrast with the conventional optimal design of maximal stiffness, which should stay undamaged under a given static load.
The energy density is uneven. Localization yielding destroys a design while the total energy can be relatively small. A bistable structure (Cherkaev and Slepyan, 1995) increases the total fracture energy, because it yields in a larger volume. Such a structure is designed using additional links that are allowed to fail under loading and waiting links, that are activate their resistant capacity when deformation is large. A bistable structure may be developed by forming a chain or lattice of bistable structural links (Slepyan and Ayzenbery-Slepanenko, 2004; Slepyan et al., 2005a, b) . Prior to ultimate failure, large regions of such structure yield, yielding is delocalized. Various non-monotonic constitutive relations are investigated from different angles. Peridynemics models (Silling and Askari, 2005; Parks et al., 2008) and softening models (Xiao, 2010) also consider nonmonotonic relations similarly to ours, but peridynamics and softening describes conventional breakable materials; to the contrary, waiting element structures represent specially designed materials with concealed parts that are not activated before the failure starts.
In this article, we model the assembly of 'sacrificial' and 'waiting' elements, compare it with conventional structures. We extend the computational model from a mass-spring model (Cherkvea and Zhornitskaya, 2004b) to a realistic truss-like structure. This is done by a special material model that was incorporated into finite element computation. The current model accounts for the contact between the projectile and protective structure. The computation allows for observation of crack development and a complex distribution of partially damage patterns throughout the structure. We also use a damage tensor (Betten, 1983; Skrzypek and Ganczarski, 1999; Rimaldi, 2009; Voyiadjis and Kattan, 2009 ) to describe the state of a damaged structure.
MODEL OF AN IMPACT RESISTIVE BISTABLE STRUCTURE
In unstructured materials, stress rate decreases when strain increases, due to development of imperfection, micro-cracks opening, dislocation concentration, and similar mechanisms. This phenomenon leads to stress concentration and instabilities that eventually destroy the structure. Contrary to this, we design structures that become locally stiffer and stronger when damaged, thanks to their morphology. Such structures distribute the stress more evenly and are stable even when they are partially destroyed. These structures can experience multiple inner breakages and they can sustain large deformations without failure, a wave transports the damage away from the impacted region (Slepyan et al., 2005a, b; Leelavanichkul et al., 2010) .
Impact-Resistant Bbistable Structure
A simple bistable structure consists of two roughly parallel brittle-elastic or elastic-plastic rods (Cherkvea and Slepyan, 1995; Slepyan and Ayzenberg-Stepanenko, 2004; Vindogradov et al., 2006) banded by the ends, one of which is curved and is longer than the other, ( Figure 1 ) When the shorter (sacrificial) element fails, the load is assumed by the second (waiting) element that was initially inactive. During this transition, the structure is shaken. Because of these local instabilities, transforms the energy of an impact into fast traveling waves that distribute energy throughout a larger area where it dissipates. Also, bistable links lead to large but stable pseudo-plastic strains and thus increase the resistivity and relaxes the structure.
Constitutive Material Model
The constitutive relation for a one-dimensional elastic-brittle breakable specimen is modeled as
where D is the material modulus, c a damage parameter that takes the value of zero (undamaged specimen) or one (damaged specimen), L the undeformed length, and ÁL the elongation.
For numerical simulation, we use the discretized model. The axial stress at time step n þ 1 is computed through stress s n at the previous time step n.
where c n control the status of the links at time step n; if c n ¼ 0, the link is undamaged, if c n ¼ 1, it is broken, and 0 < c n < 1 corresponds to a partially damaged link. Evolution of c n is described by the equation
where e c the critical strain and c _ the speed of damage. In a bistable assembly, the stress is expressed as a sum of the stresses in the sacrificial and waiting elements.
where subscripts s and w denote the sacrificial and waiting measures, respectively. To obtain the bistable response shown in Figure 1 , the stress in the sacrificial element is evaluated using Equation (2). The waiting element is initially inactive and activated after the strain of bistable assembly reaches a predefined value, e init . The stress in the waiting element is computed using where
Before failure of the sacrificial element, damage parameter c s is zero; therefore, s w ¼ 0 and s s > 0. When the sacrificial element fails, s s becomes zero (see Equation (2)) and the waiting element picks up the load (see Equation (5)) s w > 0. When the deformation reaches a critical value e c , waiting element fails as well. This material model is used in the finite element simulations below. The damage speed c _ plays an important role, the effectiveness of the bistable assembly depends on this value relative to the projectile speed.
NUMERICAL EXAMPLES
The numerical simulations are carried out using LS-Dyna (Hallquist, 2006) with the custom material model presented above. The structure is assembled using truss elements.
Example 1: Single Element Test
A single element test is performed to verify that the constitutive model is correctly implemented. The model parameters are given in Tables 1 and 2 for the simulation time of t ¼ 0.5 s. The parameters are chosen so that the transition to the waiting element is sufficiently fast to simulate the response in Figure 1 . Figure 2 illustrates the force-displacement relationship of a single-element test under uniaxial strain; it also shows that the amount of the dissipated energy highly depends on the damage speed c _. For this example, we set c _ ¼ 10 6 m/s to mimic the elastic-brittle response and to ensure that the sacrificial element is fully damaged before the waiting element becomes active.
Example 2: A Rigid Ball Impacting a Net
This example demonstrates the performance of a bistable net structure under impact loading. Under various loading conditions, the exit velocity, and kinetic energy of the projectile distribution of damage and stress of the net with and without the waiting element are compared. It is assumed that the projectile impacts the lattice perpendicularly.
Parameters Using the properties given in Table 1 , a 100x100 m 2 net constructed with bistable links is impacted by a rigid body, as shown in Figure 3 . The net is constrained in all directions along the edge. The net is constructed using 23,539 truss elements, and contains 8404 nodes. Here we use the general three-dimensional segment-based penalty contact algorithm (Hallquist, 2006) with the lattice containing the slave nodes and the ball containing master nodes. No contact friction is accounted for. The results are compared with a similar net from conventional links of the same mass as the sacrificial and waiting elements together; they are made from the same material. It should be noted that the parameters in these examples are tuned to emphasize the specific features of bistable structures. Figure 4 illustrate the range of the impulse of the projectile at which the the nets can effectively resist the impact.
Effectiveness To evaluate the effectiveness, the effective value R is the ratio of the projectile initial impact velocity, v(t 0 ), to the exit velocity, v(t final ) (Cherkvea and Zhornitskaya, 2004a): where t 0 and t final are the initial and the final moments of the observation, respectively. The variation of impulse of the projectile R shows how much of it is transformed to the motion of structural elements. Parameter R evaluates the structure's performance using the projectile as the measuring device without considering the energy dissipated in each element of the structure; it does not vary when the projectile is not in contact with the structure.
For the chosen configuration, at lower mass (3116 kg), the ball is rejected and neither conventional nor bistable design is damaged. When the speed of the projectile is moderate (Figure 4) , the bistable structure is more effective. It stops heavier projectiles or decreases the speed of penetrating ones. The bistable net has the most advantage over the conventional net when the initial velocity of the ball is 150 m/s and the mass of the ball is 6231 kg. At this combination, the ball is bounced off the bistable net, while the conventional net is penetrated (Figure (4d) ). In addition, Figure 5 shows that more energy is dissipated by the bistable net than the conventional net. However, at high speed both structures behave similarly. For example, when the projectile mass is 9347 kg and its speed is above 175 m/s, the ball penetrates both nets and have similar exit velocity.
Stress and damage distribution
The comparison of stress distribution in the bistable net and conventional net are shown in Figure. 6 and 7 . In the conventional net, the stress is concentrated in the neighborhood of the impact, the far regions experience much smaller stress. Similar pattern is observed for the bistable net once both the waiting and sacrificial elements are destroyed. However, when the sacrificial elements but not the waiting elements are destroyed, the stress distribution is more homogeneous. We observe that a conventional net is destroyed sooner than the one with waiting elements, and it requires less energy to be penetrated. The larger energy dissipation is achieved by delocalization of damage. The damage in the conventional net (Figure 8 ) concentrates in the impact area. The damage in the bistable net occurs by the failure of sacrificial elements and it is more distributed (Figure 9 ). Notice that some sacrificial elements located far away from the impact zone are destroyed while others are not. The damaged links are clustered in small regions scattered throughout the net.
The dynamics of the damage and failure of the net can be viewed as a series of phase transitions. After each break, the network changes its elastic properties and its equilibrium position. In contrast with the conventional y z x structure, the bistable structure may become stronger after sacrificial elements break. After a sacrificial element breaks, the slackness of the waiting element causes the elastic wave to travel away which helps to spread the damage across the structure. As the ball penetrates through the net, cracks are formed in the conventional net (Figure. 10) , while no crack formation is observed in the bistable net. Crack is stopped in the bistable because bistability leads to stress delocalization. Notice that bistable nets, made from an elastic-brittle material, show large but stable pseudo-plastic strains and thus increase the resistivity.
Damage Tensor
In a chain, it is natural to count the number of partially damaged links to access the absorbed energy (Slepyan et al., 2005a, b; Vinogradov et al., 2006) . Any completely broken link means that the whole chain is destroyed. To the contrary, the triangular lattice can still resist projectiles even if some of the links are completely broken. Two basic criteria compared the state of the chain before and after the collision: (a) the percentage of partially damaged links, and (b) the percentage of destroyed links. Ideally, we wish to t = 0.014 s t = 0.022 s t = 0.030 s t = 0.038 s Figure 6 . Snapshot comparisons of axial stress in the conventional net.
have a structure in which all links are partially damaged, but none is completely destroyed. Dealing with a two-dimensional lattice, we would like to have more sensitive criterion than the number of destroyed links which ignores the distribution and orientation of the broken links. To describe various configurations of broken links, we introduce a damage tensor that can distinguish partial damage depending on which links are broken (Betten, t = 0.014 s t = 0.022 s t = 0.030 s t = 0.038 s 1983; Skrzypek and Ganczarski, 1999) . The consideration is similar for the sacrificial and the waiting elements. Consider a triangular lattice that consists of three families of parallel links a, , and (Figure 11(a) ). The angle between the tangent vectors to the links' families is 60 . They are characterized by tangent vectors t , t , and t , (Figure 11(c) ). One can see that the eigenvalues are non-negative, d 1 is zero if only one family is damaged (crack-like directional damage) and d 2 is zero if and only if there is no damage at all,
The trace of D equals to average level of damage, the determinant shows the level of non-uniaxial damage.
Dimensionless damage tensor D allows the characterization of an average damage in a region and hence the average irreversible deformation in that region. It can be used for an intermediate scale description of the damage. For example, the damage tensor D shown in (Figure 11(b) ) can be expressed as 
Distribution of the damage tensors depends on . The larger is the smoother is the distribution of damage tensor. The smallest consists of one node and six links; in that case the values of p n are only 0, 1 2 , 1. D in larger can be derived from D in the smaller ones.
Notice that in the bistable lattice, there are two damage tensors, one for the sacrificial elements and one for the waiting elements.
CONCLUSIONS
A special structure presented in this article has superior impact resistance due to its morphology. To spatially distribute damage, sacrificial elements is used, when impacted, the structure radiates a portion of impact energy away from the contact zone. After the sacrificial element breaks, a backup waiting element prevents stress localization and local failure. Much like many organic structures, a waiting element structure features a resistance increase when the deformation is large.
This article investigates damage details of impacted bistable structure. In particular, we observe the arrest of the cracks due to the waiting elements and the distribution patterns of the partial damage throughout the structure. The last phenomenon needs further investigation. We showed that the effectiveness of the bistable structure depends on parameters of loading. It surpasses a conventional structure if the speed of the projectile does not exceed a limit that depends on structural parameters.
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